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Abstract8

Most of the existing biological models consider Mdm2 as a dominant negative
regulator of p53 appearing in several negative feedback loops. However, in
addition to targeting p53 for degradation, Mdm2 in tight cooperation with
MdmX can control expression levels of p53 through enhanced induction of
p53 synthesis in response to DNA damage. Whilst ATM-dependent phospho-
rylation of p53 is not observed to be important in this enhanced synthesis,
ATM-dependent phosphorylation of Mdm2 (as well as MdmX) is essential
for its dual role, which is accompanied with widely oscillating p53. In the
light of these new observations we formulate a novel molecular mechanism
which, in silico, is capable of triggering p53 oscillations. The mechanism that
is based on Mdm2’s dual regulation of p53 can provide mechanistic insights
into an excitability of the p53 network, thus it contributes to understanding
of variability of p53 dynamics in response to single and double strand breaks.
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1. Introduction10

The tumour suppressor protein p53 is activated in response to a variety of11

stimuli and it acts primarily as a transcription factor for many downstream12

genes. Protein products of these genes, if possible, suppress fluctuations13

caused by the stimulus, and if not possible, initiate irreversible processes14

such as apoptosis or senescence in order to prevent a development of cancer.15

For further details, we refer to the reviews [64, 65, 66, 36, 38].16
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One of the downstream transcriptional targets of p53 is the E3 ubiquitin-17

protein ligase Mouse double minute 2 homolog (Mdm2; also known as Hdm2)18

which, in turn, regulates negatively the level and activity of p53 [29]. For19

instance, Mdm2 can interact with the amino-terminus of p53 in a region20

that disables p53 to bind DNA [49, 50, 69]. Mdm2 can further regulate21

p53 either through the mono-ubiquitination of p53, which is followed by the22

nuclear export of such labeled p53 molecules to the cytoplasm, or through the23

poly-ubiquitination and subsequent degradation of p53 [25, 39]; either way,24

ubiquitin-dependent processes mediated by Mdm2 remove p53 from its site25

of action. In fact, most of existing feedback loops that negatively regulate26

p53 include Mdm2 which is thus considered as a dominant negative regulator27

of p53 [24] and which is often amplified in cancer cells retaining the p53 gene28

in its wild type (wt) configuration [47].29

Although Mdm2 does not reduce the level of p53 mRNA, which remains30

fairly unchanged during protein signalling in several cancer cell lines with31

or without DNA damage [25, 33], Mdm2 can regulate p53 synthesis from32

its mRNA. In recent works [21, 44], R. F̊ahraeus and his colleagues discov-33

ered and described a precise molecular mechanism of the positive role of34

Mdm2 and Mouse double minute 4 homolog (MdmX; also known as Mdm435

and HDMX) in the regulation of p53 after genotoxic stress. In particu-36

lar, they observed that Mdm2 and MdmX are phosphorylated by the ki-37

nase Ataxia-Telangiectasia Mutated (ATM), a sensor of DNA double strand38

breaks (DSB), at the serine residues Ser395 [45] and Ser403 [44], respectively,39

hereafter denoted by Mdm2-P and MdmX-P. Both Mdm2-P and MdmX-P40

can bind and form complexes with the nascent p53 mRNA following genotoxic41

stress. Phosphorylated MdmX binds specifically to a newborn p53 mRNA42

in the first instance and promotes conformational changes in the mRNA in43

a way that favours attraction of Mdm2-P to the complex [44]. In such com-44

plexes, MdmX-P acts as the RNA chaperone during its transportation from45

the nucleus to the cytoplasm [44]. Phosphorylated Mdm2 in the complex46

stimulates p53 mRNA translation, Figure 1. In fact, Mdm2-P may induce47

more than a three-fold increase in the rate of p53 synthesis in H1299 cells,48

human non-small cell lung carcinoma cells, exposed to doxorubicin [21, 44].49

Whilst Mdm2-P is less capable of ubiquitination of p53 expressed from a50

Mdm2 binding mRNA, wt p53 expressed from a non-Mdm2 binding mRNA51

is hyperunstable in the presence of Mdm2 in the DNA damage response52

(DDR) [21, 44].53

ATM-dependent phosphorylation of Mdm2 and MdmX is required for p5354
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Figure 1: Depending on their phosphorylation status, if not phosphorylated
by ATM, Mdm2 targets p53 for degradation, if phosphorylated by ATM,
Mdm2-P and MdmX-P bind p53 mRNA and enhances its synthesis with a
3-4 fold increase in the synthesis rate [21]. In this and following sketches, ‘p’
stands for a phosphate group attached to Mdm2 by ATM, ‘ub’ for a ubiquitin
group attached to p53 by Mdm2; black dots represent peptides left after protein
degradation.

mRNA–MdmX–Mdm2 interactions. Indeed, while phosphorylation of Mdm255

by ATM promoted its interaction with p53 mRNA, non-phosphorylated Mdm256

had weak affinity for p53 mRNA [21]. Phosphorylation of either of the two57

proteins supports formation of Mdm2–MdmX oligomers; non-phosphorylated58

Mdm2 interacts with MdmX and prevents its RNA chaperone activity [44].59

Mdm2’s Ser395 phosphorylation site is sufficient and necessary for the stabil-60

ity of p53 mRNA–Mdm2 complexes with a 3-5 fold increased abundance of61

p53 mRNA bound to Mdm2-P following treatment of H1299 and AT5-BIVA62

(a fibroblast cell line with exogenous ATM) cells with doxorubicin [21]. In63

addition, ATM-dependent phosphorylation of Mdm2 was not followed by64

Mdm2-P rapid degradation in [21, 44] as it was observed in [59, 5]. Instead,65

this phosphorylation event led to an accumulation of Mdm2-P in the nucleoli66

where Mdm2-P likely changed its function from being a negative to a positive67

regulator of p53 [21].68

On the other hand, almost all existing (biological and mathematical)69

models of the p53 dynamics assume that it is phosphorylation of p53 by ATM70

at Ser15 which enables p53 to escape from the Mdm2-dependent degradation,71
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to accumulate and stabilise in the nucleus [64]. Nevertheless, phosphorylation72

of p53 by ATM was not observed to be important for its stabilisation nor for73

the positive effect of Mdm2-P towards p53 expression in response to DNA74

damage [21]. In the line with these observations, close examination of all75

possible phosphorylation sites of p53 revealed that phosphorylation of Ser1576

may not have any direct effects on Mdm2’s binding to p53. Phosphorylation77

of the threonine residue Thr18 was the only event reducing significantly the78

ability of Mdm2 to bind p53 [57].79

Taking these new evidences into consideration, we propose a novel molec-80

ular mechanism for the activation and regulation of p53 in the DDR. We81

show that this new mechanism reproduces in silico p53 oscillations observed82

after genotoxic stress. Indeed, in response to different (low, moderate and83

high) doses of DNA damaging agents causing DNA DSB, p53 oscillates in84

its concentration (with the fixed amplitude and period) in several cell lines,85

including cancerous cell lines such as MCF7, A549, U2-OS and HCT116 and86

non-transformed RPE1 cells [5, 12, 13, 22, 34, 40, 41]. In addition, p53 os-87

cillations have been observed in vivo [23]. The mathematical model is based88

on the simple conclusions from above, see also Figure 2: as long as the ATM89

signalling is active, Mdm2-P and MdmX-P act as positive regulators of p53,90

whilst p53 is degraded by Mdm2 whenever Mdm2-P is dephosphorylated by91

Wild-type p53-induced phosphatase 1 (Wip1), another transcriptional target92

protein in the p53’s downstream pathway [19, 42].93

We show also that the model can provide mechanistic insights into some94

specific features of p53 dynamics, namely, excitability of p53. The network95

of p53 is an excitable system in response to DSB caused by γ-radiation or96

drugs, e.g., neocarzinostatin (NCS), [6, 5]. It is excitable even in non-stressed97

conditions in proliferating cells which may show spontaneous pulses of p5398

associated with intrinsic DNA damage [40]. This means that a transient99

stimulus, for example, a short pulse of ATM is sufficient to trigger a full pulse100

of p53, Figure S2(a). Indeed, cells treated with ATM’s inhibitor wortmannin101

(wm) one hour after DNA damage exhibit one full pulse of p53 [5]. On the102

other hand, response of the p53 network to UV-radiation is not excitable and103

it depends continuously on the signalling of the upstream kinase ATR, which104

is the activator of p53 pathway and the sensor of single strand breaks (SSB)105

caused by UV-radiation. ATR inhibited one hour post-irradiation results in106

the inhibition of p53 levels which remain fairly constant in the following time107

course [5], Figure S2(b).108

The rest of the paper is organised as follows: in Section 2 a molecular109
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Figure 2: In the presence of DNA damage, inactive ATM dimers dissociate
into active monomers [3], which phosphorylate Mdm2 at Ser395 and MdmX
at Ser403 in the nuclear compartment [3, 72]. Mdm2-P and MdmX-P then
form a complex with a nascent p53 mRNA at the DNA sites and move
together from the nucleus to the cytoplasm, passing likely through the nu-
cleolus where Mdm2 switches into a positive regulator of p53, i.e., Mdm2-P
enhances p53 translation from its mRNA and, at the same time, Mdm2-P is
less capable of p53 ubiquitination. This all enables p53 to accumulate in the
nucleus where it acts as a transcription factor for the Mdm2 and Wip1 genes
[4, 19]. The phosphatase Wip1 targets ATM-P for dephosphorylation and
thus inactivation [58]. Wip1 reverses also Mdm2 and MdmX phosphorylation
status, [70, 74], so that Mdm2 promotes ubiquitination and degradation of
p53. The persistent DNA damage signal can trigger another pulse of p53 by
ATM dimer monomerisation again.
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model and assumptions for a mathematical reaction-diffusion (RD) system of110

Mdm2’s dual regulation of p53 are introduced. The equations of the system111

are described in Supplemental Information (SI). In Section 3 we demonstrate112

that the model is capable of reproducing basic biological single cell obser-113

vations, which are recalled consecutively. Section 3.4 is dedicated to the114

phenomenon of excitability of p53 and we propose a molecular mechanism in115

Discussion that could possibly explain it, formulated rather as a hypothesis116

to be verified by further experiments.117

2. A novel mechanism for p53 oscillations118

A molecular model for p53 oscillations is based on the recent observations119

published in [21, 44] as discussed in Introduction, i.e., a model is composed120

of the feedback loops p53→Mdm2 a p53 and ATM -P →Mdm2→ p53→121

Wip1 a ATM -P , see also Figures 2 and S5(b). In the schematic notation122

A→ B a C, A positively regulates B whilst B negatively regulates C where123

by regulation we mean a regulation either of activity, expression or degrada-124

tion of the object of regulation. For simplicity, we omit MdmX from the loops125

since MdmX acts hand in hand with Mdm2 and we do not consider specific126

conformational changes in the structure of p53 mRNA caused by MdmX by127

any means or any other activity of MdmX in the p53 network. Instead we128

assume that mRNA has a conformation which enables Mdm2-P association129

with the mRNA. However, this simplification does not change dramatically130

the overall dynamical scheme under consideration, compare Figures 2 and S1.131

Indeed, one can look at Mdm2-P in the sketch in Figure S1 as the complex132

of Mdm2-P and MdmX-P.133

Following DNA damage and the presence of DNA DSB, inactive ATM134

dimers dissociate through auto-phosphorylation into active monomers (here-135

after denoted by ATM-P) [3]. ATM-P molecules phosphorylate Mdm2 [45]136

and Mdm2-P then targets p53 mRNA instead of the protein p53 [21, 44].137

The p53 mRNA–Mdm2 complex moves from the sites of mRNA transcrip-138

tion to the cytoplasm where Mdm2-P facilitates binding of the free ribosomes139

to the mRNA. The mRNA bound to the complex is then translated with an140

increased synthesis rate than the mRNA escaping Mdm2-P; both mRNAs141

giving the p53 protein [21, 44]. Phosphorylated Mdm2-P is also less efficient142

in the ubiquitination of p53 [45]. All this allows p53 to accumulate in the143

nucleus where it can act as a transcription factor for the Mdm2 [4], Wip1144

[19] and many other genes. In turn, Wip1 dephosphorylates Mdm2-P and145
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dephosphorylated Mdm2 targets p53 for degradation. Wip1 also dephospho-146

rylates ATM-P establishing thus homeostasis in the DDR [42]. This closes147

the first cycle between the antagonists. Since we do not consider any DNA148

repair mechanism nor activation of irreversible cell fates such as apoptosis149

or senescence, the persistent DNA damage signal triggers another wave of150

ATM-P and consequently pulses in all the other proteins.151

2.1. Modelling Mdm2’s dual function: mathematical formalism152

From a mathematical point of view, we have extended the deterministic153

reaction-diffusion model developed in [17]. It is shown in [17] that the spatial154

representation of cellular environment combined with the negative feedback155

loops involving Mdm2 and Wip1 (see Fig. S5(a)) creates a realistic framework156

for the oscillatory dynamics of p53.157

Protein-protein interactions (e.g., posttranslational modifications such as158

phosphorylation or ubiquitination) are modelled as the enzyme reaction159

S + E
k+


k−
C

kcat−→ E + P

where the enzyme E converts the substrate S to the product P through160

a two-step process with the intermediate complex C. Following the mass161

action kinetics and quasi-steady-state approximation [30], we can derive an162

algebraic expression (Michaelis function) for the concentration (denoted by163

square brackets [·]) of the substrate and the product164

d[S]

dt
= −d[P ]

dt
= −kcatE0

[S]

KM + [S]
with KM =

k− + kcat
k+

(1)

which depends on two parameters: turnover kcat and Michaelis KM rate.165

Some parameters for reactions satisfying equation (1) with VM [·]/(KM + [·])166

can be found in the literature. We take these experimental values (KM167

and kcat ≈ VM with E0 replaced by the actual concentration of [E]) for168

the reference rates for our reactions, though they may be inaccurate in the169

cellular context. Note that we aim at modelling spatio-temporal protein170

dynamics and not at the kinetics of chemical reactions themselves. Thus and171

similarly as some other authors in systems biology of signal transduction, e.g.172

[14, 43, 61, 73], we overgeneralise the use of Michaelis functions in our model173

and neglect the complexity of Michaelian enzymology from our consideration.174
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A simple gene regulatory circuit for some mRNA and its protein product175

P is represented by two equations176

d[mRNA]

dt
= I − δmRNA[mRNA],

d[P ]

dt
= k[mRNA]− δP [P ],

where δmRNA and δP are degradation rates for mRNA and P , respectively,177

k is a rate of mRNA translation and I is a production (source) term for178

mRNA. It can be a constant or any other function, e.g., Hill function with179

the coefficient 4 used for the transcription of the Mdm2 and Wip1 genes180

[15, 16, 61].181

2.2. Modelling Mdm2’s dual function: assumptions182

According to the generally accepted theory, the abundance of p53 is de-183

termined mainly by its degradation rate, rather than the rate at which it is184

produced [64]. Thus, almost all mathematical models, which adapt to this185

theory, do not consider explicitly any mRNA of p53. However, under the new186

circumstances relying on the synthesis of mRNA either bound or unbound187

to the phosphorylated Mdm2 protein, the concentration of p53 mRNA will188

be represented by a physiological variable, a real function rather than a con-189

stant.190

In our previous spatial model [17], the cell was designed to consist of the191

two compartments: nucleus and cytoplasm. These compartments were sepa-192

rated by the endoplasmic reticulum (ER) where no translation of the mRNA193

was allowed, see [16, 17, 61] and citations therein. Since, phosphorylated194

Mdm2-P binds a nascent p53 mRNA at the transcription site in the nucleus,195

we specify a small area inside the nucleus, a “DNA locus”, denoted by χL in196

Figure 3, similarly as it was specified in [60]. Every single (p53, Wip1 and197

Mdm2) mRNA is assumed to be made in χL. Further we assume that the198

reaction199

p53 mRNA+Mdm2-P
ka−→ C,

where C denotes the p53 mRNA–Mdm2-P complex and ka is the association200

rate of this reaction, occurs in the DNA locus χL only. The complex C201

moves to the cytoplasm where it binds to free ribosomes localised outside of202

the ER. The complex C can dissociate back into p53 mRNA and Mdm2-P203

in the cytoplasm, thus following the reaction204

C
kd−→ p53 mRNA+Mdm2-P
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χ
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χ
CD
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Figure 3: A scheme of the cell used in the model: the cell is represented by
a disc with radius 10µm. It consists of the nucleus represented by an inner
disc of radius 3µm and the cytoplasm containing the rest of the cell. Within
the cytoplasm there is the endoplasmic reticulum (ER) where no translation
of the mRNAs occurs. The ER is represented by an annulus with radii 3µm
and 5µm. Translation of the mRNAs is supposed to occur outside of the
ER, thus in an annulus χCD with radii 5 and 10µm. Inside the nucleus there
is a small “gene” subdomain χL of radius 1µm which represents the DNA
locus where all production of mRNA content occurs.

with the dissociation rate kd. Once it is released from C, we assume that205

p53 mRNA can be used again in the translation process, however, Mdm2-206

P cannot bind such mRNA again nor any other p53 mRNA outside of the207

DNA locus χL in the nucleus. The half-life t1/2 of the complex C is set to208

1 hour which is the same as the half-life of Mdm2 mRNA reported in [46]209

and 3-fold longer than the half-life of “free” p53 mRNA not bound to C,210

since, by following [2], the half-lives of mRNA of short-lived proteins such as211

transcription factors are often shorter than 30 minutes.212

Further, we consider two copies of p53 made either from the free mRNA213

unbound to C (denoted by p53-1) or from the mRNA bound to C (denoted214
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by p53-2). From these, p53-2 is more stable than hyperunstable p53-1. To215

mimic this, less stable p53-1 is targeted for ubiquitination by Mdm2 with216

the turnover rate kub-1 = 5min−1 (the value taken from [35]) and by Mdm2-217

P with the rate kub-2 = kub-1/5min
−1 since ubiquitination by Mdm2-P is218

less efficient than ubiquitination by Mdm2 [45], whereas more stable p53-2219

is targeted for ubiquitination by both Mdm2 and Mdm2-P with the same220

rate kub-2. The Michaelis constant Kub = 1µM of the ubiquitination process221

is the same for both p53-1 and p53-2 ubiquitination [35]. Natural (Mdm2-222

independent) degradation rates for both p53-1 and p53-2 correspond to the223

half-life of 7 hours [33]. Natural degradation rates for Mdm2 and Mdm2-224

P are the same and correspond to the half-life t1/2 = 30 min according to225

several reports.226

Since the production rate of p53-2 made from p53 mRNA bound to the227

complex C is 3–4-fold higher due to the active role of Mdm2-P, we consider the228

rate of translation ktp-2 for p53-2 to be three times larger than the translation229

rate ktp-1 for p53-1, which is equal to the translation rates for Mdm2 and Wip1230

used in [16]. In the transcription process for the Mdm2 and Wip1 genes, both231

proteins p53-1 and p53-2 can bind DNA and stimulate gene transcription in232

a synergistic way in the DNA locus χL. Note that p53 protein is biologically233

active in the form of tetramers [20]. The tetramerisation of p53 molecules is234

not modelled explicitly, however, it is expressed by a specific choice of the235

Hill coefficient in the gene transciption [17, 18, 68].236

Unlike [17], we include both equations for the nuclear monomeric and237

dimeric ATM states (denoted, respectively, by ATM-P and ATM-D). ATM238

dimer dissociation and monomer activation in response to DNA DSB is sup-239

posed to follow from the ATM dimer interaction with a DNA damage trans-240

mitting signal denoted by E, Figure 4. Due to a discrepancy between in vitro241

and in vivo experiments, E can be either the MRN complex [53] or any other242

signal produced by the changes in the chromatin [3]. We assume that the243

extent of the DNA damage can be expressed by the strength of the signal244

E and that ATM dimer dissociation is modelled by a Hill function with the245

coefficient 2.246

We will also assume that all the protein species under consideration are247

nuclear species in the sense that they move from the translation sites in the248

cytoplasm (outside the ER) to the nucleus and not the other way round.249

On the other hand, mRNAs and the complex C move from the nucleus to250

the cytoplasm. For simplicity and different time scales between a molecule251

translocation through the nuclear membrane by the active transport mecha-252
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Figure 4: A schematic representation of ATM activation by a DNA-damage-
transmitting substrate (although still rather hypothetical molecule) E and
its deactivation by Wip1. ATM-D stands for ATM dimers and ATM-P for
active ATM monomers. At each time, the total concentration is assumed to
be constant [ATM -P ] + 2[ATM -D] = const =: ATMTOT .

nisms (measured in seconds or minutes) and the dynamics of proteins (mea-253

sured in hours), we assume that all the translocations are based on the pas-254

sive transport mechanism, are unidirectional and expressed by the so-called255

Kedem-Katchalsky boundary conditions (Table S1), [9, 17]. The boundary256

conditions are posed on the nuclear membrane and the extent of the mem-257

brane translocation is given by the translocation parameters (permeabilities).258

Motion of the species in the cellular compartments is assumed to be purely259

diffusive and we assume that the cells are homogeneous allowing the species260

to diffuse with the equal diffusivities over the entire compartments. The dif-261

fusions are also assumed to be unaffected by the phosphorylation status of262

the species. Further discussion on the diffusion and permeability issues can263

be found in [17, 16].264

Other protein-protein interactions, e.g., phosphorylation of Mdm2 by265

ATM, dephosphorylation of ATM-P and Mdm2-P by Wip1, are modelled266

as the enzyme reactions as well. Where possible, the kinetic parameters are267

taken from the available literature. The missing ones are tuned by hand268

so that the simulations can reproduce known experimental observations. A269

reaction-diffusion system for the p53 dynamics with some details on the nu-270

merical method is further described in SI. Degradation rates are listed in271

Table S2, diffusion and permeability rates in Table S3, other kinetic param-272

eters in Table S4.273
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2.3. Overview of other p53 models274

Several theoretical models have been proposed to reproduce and explain275

the p53 oscillatory response to DNA damage at the level of single cells.276

Most of them used a deterministic approach based on Ordinary Differential277

Equations (ODE). For example, A. Ciliberto et al. [14] studied the negative278

feedback p53 → Mdm2 a p53 supplemented by a positive feedback involv-279

ing PTEN and Akt proteins. T. Zhang et al. [73] explored the mechanism280

of [14] and proposed three other models combining the p53-Mdm2 negative281

feedback with three other positive feedbacks. In fact, there exist several282

positive feedbacks between p53 and, e.g., PTEN, p14/19 ARF, Rb, Dapk1,283

c-Ha-Ras, DDR1 and Rorα [24] which could, in principle, generate p53 os-284

cillations. X.-P. Zhang et al. [75] used the results of [14, 73] and developed a285

two-phase switch model including the p53-Mdm2, ATM-p53-Wip1 and p53-286

PTEN-Akt-Mdm2 feedback loops to simulate irreversible transitions from287

cell cycle arrest to apoptosis.288

An ODE model proposed by R. Lev Bar-Or et al. [37] and models of289

G. Lahav et al. [6, 22] were developed in order to validate the experimentally290

observed damped and sustained p53 oscillations, respectively. Except for p53291

and Mdm2 proteins, the model in [6] includes a DNA damage signal ATM292

and ATM’s inhibitor Wip1 (both ATM and Wip1 were experimentally iden-293

tified in [6] as necessary factors for in vitro oscillations). The model [6] was294

based on Delayed Differential Equations (DDE). However, DDE models may295

generate artificial rhythms in systems, which do not appear naturally [32], so296

the biological significance of the introduced delays in the modelling protein297

networks can be far from obvious in those DDE models. Avoiding DDEs,298

the system [6] was transformed into a system of ODEs in [32] which gave299

oscillations thanks to a positive feedback involving Rorα.300

L. Ma et al. [43, 67] also used DDEs to simulate particular delays in the301

transcription process of Mdm2 mRNA and translation of the mRNA into the302

protein. In our approach, physiological delays in a gene synthesis are obtained303

by the active (diffusive) migration of the species inside the cell (between the304

nucleus and the cytoplasm). Apart from our PDE models, M. Sturrock et305

al. [61, 62] and L. Dimitrio et al. [15] studied the sole p53-Mdm2 negative306

feedback in maintaining oscillatory p53 dynamics using spatio-temporal mod-307

els; however, the present approach is different in the molecular background308

as discussed in the previous sections.309

Other models include stochastic approaches by introducing either stochas-310

tic fluctuations in the protein production terms [22] or stochastic effects at the311
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level of transcriptional regulation and damage induction and repair [56, 52],312

as well as a logical approach [1].313

3. Results314

3.1. Dual function of Mdm2 towards p53 provides a mechanism for p53 os-315

cillatory response316

The previously described molecular mechanism based on the positive and317

negative regulation of p53 by Mdm2 can reproduce in silico the behaviour of318

p53 in agreement with some known experimental observations.319

Indeed, Figure 5(a) shows sustained oscillations in the (nondimension-320

alised; adim) nuclear concentration of p53 protein (as a sum of the nuclear321

concentrations of p53-1 and p53-2) as well as oscillations of the other species.322

In response to DNA damage we see rapid ATM activation as it was observed323

in in vivo experiments [3]. The concentration of p53 then increases and peaks324

at the 2.4 hour time point after initiation of the DDR which corresponds to325

the time point observed in several experiments [6, 11, 25, 31, 37]. Another326

pulse reaches its maximum at 8.6hrs which is similar to the time point in327

real data [6, 37]. All the other oscillations reach their maxima within the328

period of 5.8 hours which lies in the range of observed periods [22]. A frac-329

tion of p53 (p53-1 and p53-2) that is transcriptionally active, i.e., localised330

in the DNA locus χL, is indicated by the green dashed line in Fig. 5(a).331

Obtained sustained oscillations are confirmed by a limit cycle in the phase332

plane “p53-Mdm2” plotted in Fig. 5(b). Further, after a transient decay,333

the concentration of Mdm2 starts to grow approximately at 1.5 hour in the334

DDR and peaks 4 hours after the damage, first in the cytoplasm, then in the335

nucleus with a time delay about 40 minutes, Fig. 5(c). Then Mdm2 reaches336

its basal level at the 8 hour time point similarly to several experimental data337

[6, 11, 25, 31, 37]. Figure 5(d) shows the total intracellular concentration of338

p53 mRNA either bound to the complex C or free (unbound to C) mRNA339

with an approximately 2.5 times difference in their concentrations. The total340

amount of p53 mRNA remains fairly unchanged in the DDR.341

Figure 6 shows that the half-life of p53 in the cell in the presence of342

Mdm2 is 15 and 20 minutes when estimated from the first and second (and343

other) pulse, respectively, which confirms the fact that p53 is a short-lived344

protein [2].345

2D visualisation (6 samples) of the solution of the system is shown in346

Figures 7 and 8. The samples are taken at the initial state and at 5 time347
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Figure 5: The solution of the RD system (see SI) in the 20hrs time span of
DDR in response to the stress signal E = 1 for the fixed set of parameters
in Tables S2-S4. (a) Nondimensionalised (adim) nuclear concentrations of
p53 (p53-1 and p53-2), Mdm2 (Mdm2, and Mdm2-P), ATM-P and Wip1;
green dashed line shows the concentration of transcriptionally active p53 oc-
curring in the DNA locus χL. (b) Trajectories in the phase plane (nuclear
[p53], nuclear [Mdm2]). (c) Nondimensionalised (adim) nuclear and cytoplas-
mic concentration of Mdm2 (Mdm2 and Mdm2-P). (d) Nondimensionalised
(adim) cellular “free” p53 mRNA and p53 mRNA bound to the complex
C. In these and the following graphs, the plotted concentrations are the total
concentrations of the species in the cell or in a cellular compartment (see SI
for more details).
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Figure 6: Decay of the cellular p53 (p53-1 and p53-2) concentration in the
cell with Mdm2 in the system which corresponds to the half-life of 15 and 20
minutes, respectively, in the first and the second (and other) pulses.

points where either p53 or Mdm2 attains maximum in the concentration.348

Note that the values of the isolines show the range of concentrations that349

can be reached at each (space) point in the cell. We can also see that the350

concentrations of the proteins are spatially homogeneous which is caused by351

the diffusive dispersion of the proteins in the homogeneous medium. This is352

clearly unrealistic, however, note that some real samples from immunofluo-353

rescence analysis show proteins spread almost across the whole nucleus, see354

for example Fig. 2 (C and D) in [12] or Figures 5 and 6 in [48].355

3.2. Mdm2’s positive regulation of p53 is required for sustained oscillations356

The enhanced translation from p53 mRNA bound to the complex C is357

necessary for oscillations. If we either do not allow the p53 mRNA–Mdm2-358

P complex formation (the association constant ka is set to zero) or ka > 0359

remains as reported in Table S4 but the translation rates for both p53-1 and360

p53-2 are the same (i.e., ktp-2 = ktp-1 = 1min−1), then we lose sustained361

oscillations. Instead, in both cases we observe convergence to a steady-state362

Figure 9: fast convergence in the former case (ka = 0), Fig. 9(a) and (b),363

and damped oscillations in the p53 concentration in the latter case (i.e.,364

when ktp-2 = ktp-1), Fig. 9(c) and (d). Sustained oscillations can be retrieved365

for ktp-2 ≥ 1.4min−1 and they are still observed for values of ktp-2 as big366

as 500min−1. Interestingly, for high values of ktp-2 the differences between367

the maxima in the p53 and Mdm2 nuclear levels are of several orders of368

15



(a) 0 h (b) 2.4 h (c) 4 h

(d) 8.6 h (e) 10.1 h (f) 14.4 h

Figure 7: 2D visualisation of the solution of the RD system (see SI) with
the parameters in Tables S2-S4 in a 2D cell shown in Fig. 3: samples of the
nondimensionalised concentration of p53 (p53-1 and p53-2) captured at 6
time points when p53 and Mdm2 reach peaks in their concentration.

magnitude, which confirms the fact that a low concentration of Mdm2 can369

efficiently remove p53 from the nucleus [25].370

Decreased ability of Mdm2 to target p53-2 synthesised from C for degra-371

dation or, in other words, the increased stability of p53-2 compared to the372

hyperunstable p53-1 protein, is necessary for sustained oscillations as well.373

The admissible rates kub-2 for the Mdm2-dependent ubiquitination of p53-2374

still possessing sustained oscillations are in the range 0.02− 3.5 min−1 which375

is less than the reported turnover rate kub-1 = 5min−1 used in the ubiquiti-376

nation of p53-1.377

3.3. Amplitude and periods of oscillations are independent of high damage378

doses379

It follows from single cell experiments that the amplitudes and periods of380

p53 oscillations are independent of the damage dose of γ-radiation or drugs381
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(a) 0 h (b) 2.4 h (c) 4 h

(d) 8.6 h (e) 10.1 h (f) 14.4 h

Figure 8: 2D visualisation of the solution of the RD system (see SI) with the
parameters in Tables S2-S4 in a 2D cell shown in Fig. 3: samples of the nondi-
mensionalised concentration of Mdm2 (Mdm2, Mdm2-P and C) captured at
6 time points when p53 and Mdm2 reach peaks in their concentration.

causing DSB, [22, 55].382

Figure 10 shows dependence of the p53 concentration on the stress signal383

E starting at E = 0 (normal conditions) where the concentrations of the384

species converge to their respective steady states, Fig. 10(a). The dynamics385

of p53 changes from the ‘convergence to the equilibrium’ to the ‘convergence386

to a (stable) limit cycle’ with increasing E by passing through a bifurcation387

point E1 = 0.011, Figure 10(b). The amplitudes and periods of the limit388

cycles do not change for E > 0.25 confirming that they are independent of389

the high DNA damage stimulus. Note again on this place that the DNA390

damage transmitting signal E is understood here as a hypothetical molecule391

and that further experiments have to be done to clarify the meaning of E as392

it is used in the model.393
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Figure 9: The solution of the RD system (see SI) in the 20hrs time span
of DDR in response to the stress signal E = 1 in the case when (a) and (b)
Mdm2-P binding to p53 mRNA is inhibited (i.e., ka = 0), (c) and (d) trans-
lation rates for p53-1 and p53-2 are the same, i.e., ktp-1 = ktp-2 = 1min−1.
The remaining parameters are in Tables S2-S4.

3.4. The p53 network is excitable394

As discussed in the introduction, the network of p53 is excitable in re-395

sponse to DSB.396

Inhibition of the ATM pulse one hour after DNA damage in the RD397

system with the parameters in Tables S2-S4 and initial and boundary con-398

ditions as described in SI reveals that the p53 model is excitable. Indeed,399

Figure 11(a) shows one full p53 pulse in the case when ATM-P signalling is400
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Figure 10: (a) The solution of the RD system (see SI) in the 18hrs time
span in normal conditions, E = 0. (b) Bifurcation diagram for the nuclear
p53 concentration (p53-1 and p53-2) with respect to the varying signal E
(plotted in the logarithmic scale). The bifurcation point E1 is the point on
the black curve where the curve bifurcates into two paths. The curve for
E < E1 shows attained steady states and plotted two curves for E > E1 are
the heights (showing maximum and minimum) of the amplitudes of stable
limit cycles. The red dashed curve shows periods of oscillations depending
on E. The parameter values used are in Tables S2-S4.

inhibited 1 hour after damage (1 hour after damage, the equation for ATM-401

P is “removed” from the system, which can simulate ATM-P inhibition by402

wortmannin). Figure 11(b) shows a full p53 pulse when ATM-P signalling is403

gradually silenced by Wip1 (the DNA damaging signal E is “turned off” one404

hour after the damage). A high amplitude excursion of the p53 concentra-405

tion from a steady state followed by return to the steady state can be seen in406

Figure S4. These figures confirm that the response of p53 to DNA damage407

is excitable and independent of the input duration [40].408

4. Discussion409

4.1. Feedback loops between the antagonist behind the oscillator410

We have shown that depending on the phosphorylation status of Mdm2,411

Mdm2’s dual positive and negative regulation of p53 can create a p53 oscilla-412

tor. The oscillator is based on our previous model [17] which is extended here413
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Figure 11: The solution of the RD system (see SI) where, (a), ATM-P sig-
nalling is inhibited 1 hour after damage and, (b), the damage-transmitting
signal E is inhibited after one hour. The plotted concentrations are the total
concentrations in the nucleus.

with a positive effect of Mdm2 on p53 expression. The two negative feedback414

loops used in the previous model [17] involve the classical one between p53415

and Mdm2 (shortly written as p53 → Mdm2 a p53) and a loop between416

ATM and Wip1 with the intermediate p53 (i.e., ATM -P → p53 → Wip1 a417

ATM -P ), in which phosphorylation of p53 by ATM brings a stabilising effect418

in the p53 signalling allowing p53 to accumulate in the nucleus. Wip1 then419

negatively regulates ATM as well as it promotes dephosphorylation of p53420

[58] and thus it closes the loop, see Figure S5(a).421

In the new model, we keep the first negative feedback loop p53→Mdm2 a422

p53, however, the second one is modified by introducing another intermedi-423

ate substrate Mdm2. The loop becomes now ATM -P → Mdm2 → p53 →424

Wip1 a ATM -P , as shown in Figure S5(b), and we have excluded phosphory-425

lation of p53 by ATM. Mdm2 involved in the second loop changes significantly426

effects of both negative feedbacks. Depending on the phosphorylation status427

of Mdm2, when Mdm2 is phosphorylated by ATM, then the first negative428

loop is weakened since Mdm2-P does not target p53 sufficiently for degrada-429

tion and the second one is strengthened since Mdm2-P positively stimulates430

p53 synthesis yielding more stable p53 for a longer period of time. If Mdm2431

is not phosphorylated by ATM, then the first negative loop is strengthened432
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since Mdm2 targets p53 for degradation more efficiently and the second loop433

is weakened since the non-phosphorylated Mdm2 cannot bind to p53 mRNA434

and thus it does not contribute to its synthesis by the way discussed above.435

Taking this together, a new mechanism of positive regulation of p53 by its436

dominant negative regulator Mdm2 is able to produce in silico sustained p53437

oscillations in response to DNA damage.438

4.2. Possible mechanism for the excitable response of p53439

It is proposed in [5] that a possible mechanism behind the excitability of440

the p53 network relies likely on the fast removal of p53 inhibitors, such as441

Mdm2. Indeed, following phosphorylation by ATM [45], Mdm2 is observed442

to be rapidly degraded in response to NCS [59, 5]. The excitability could be443

possibly caused by a fast positive feedback which, for instance, inhibits in-444

teraction of p53 with its negative regulators (Mdm2 and Wip1) or sequesters445

them in the cytoplasm. This hypothesis is disfavoured in [5] by pointing out446

that all known positive feedbacks in the p53 response to DSB depend on the447

transcriptional activity of p53 (see also [24]). Thus none of them should be448

fast enough to excite a p53 pulse.449

The experimental results in [21, 44] do not confirm any degradation of450

Mdm2 after phosphorylation by ATM following DNA damage as it is ob-451

served in [59, 5]. On the other hand, such phosphorylation events resulted in452

a positive effect of Mdm2 in the enhanced p53 synthesis [21, 44]. Our simu-453

lations suggest that the increased stability of p53 mRNA and the enhanced454

synthesis of more stable p53 from the mRNA bound to the complexes with455

Mdm2-P may serve as a “long-term source” (reservoir) of the p53 protein456

independently of the signalling of ATM. The excitable mechanism is thus457

directly dependent on the phosphorylation status of Mdm2 and the ability of458

Mdm2-P to bind the nascent p53 mRNA. We speculate that rather than the459

fast removal of Mdm2 from the site of p53 action by some positive feedback,460

an ATM-dependent redirection of Mdm2 from one object of interest to an-461

other, that is from targeting p53 for degradation to targeting p53 mRNA for462

enhanced synthesis of more stable copies of p53, can be sufficient to excite a463

full p53 pulse.464

The dynamics of p53 in this model is similar to the dynamics of p53 from465

the previous model [17] where zero initial conditions for all species were as-466

sumed. However, the model in [17] does not excite any p53 pulse in response467

to DNA damage, see Figure S6(b). The model in [17] does not include either468

Mdm2 as a positive regulator of p53 or any fast removal of Mdm2-P from the469
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sites of p53 action. In fact, due to the initial concentration of Mdm2 there is470

nothing to be degraded or removed in [17]. The slope of the p53 accumula-471

tion is similar in both models (Fig 11(a) and Fig. S6(b)) in the first hour of472

the protein signalling. However, when ATM-P is completely inhibited, p53473

continues to grow in the new model, Fig. 11(a), while the p53 level immedi-474

ately drops in the old model, Fig. S6(b). Note that in the new model we do475

not consider any enhanced degradation of Mdm2-P either, however, we still476

observe decay in the Mdm2 (including phosphorylated Mdm2-P) concentra-477

tion in the first hour and half, Fig. 5(c), only due to natural degradation of478

the protein corresponding to its half-life and because new Mdm2 molecules479

are pumped to the system dependently on the p53 nuclear accumulation and480

activity.481

However, the elevated degradation of phosphorylated Mdm2 by ATM, as482

observed in [59, 5], can still be a realistic scenario contributing to the ro-483

bustness of the p53 excitability. We can speculate that it is MdmX, which484

was excluded from our simulations, that determines the fate of Mdm2. If485

p53 mRNA–MdmX-P fails in the attraction of Mdm2-P to the complex,486

then Mdm2-P can be degraded through the increased self-ubiquitination.487

If Mdm2-P is attracted to the complex, then it can be protected against488

degradation and, in fact, Mdm2-P can stimulate p53 expression. The ro-489

bustness can be then achieved if both events occur at the same time, that is490

if some Mdm2-P molecules are attracted to the complex and those Mdm2-491

P molecules, which are not and can ubiquitinate p53 for degradation, are492

themselves degraded.493

The Mdm2’s residue Ser395 is crucial in the binding of Mdm2-P to p53494

mRNA and thus in the positive regulation of p53 expression [21, 44]. This495

suggests that the absent excitability in the cells exposed to UV-radiation can496

be (partially) explained by missing phosphorylation of this site by ATR. In-497

deed, ATR phosphorylates Mdm2 at Ser407 instead of Ser395 in response to498

UV-radiation, see for example [29] and citations therein. Further, the exper-499

iments in [5] in which Ser395 is mutated into Ser395A (disabling this residue500

to be phosphorylated) result in the reduced percentage of the cells that show501

an excitable p53 pulse. Thus we can speculate that it is phosphorylation502

of Mdm2’s Ser395 that is important for the excitability of p53 observed in503

response to DNA DSB but not to DNA SSB.504

All these hypotheses need to be, however, verified by further biological505

experiments; for example, experiments clarifying the precise role of MdmX506

in the degradation process of Mdm2 or experiments focused on the positive507
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regulation of p53 by Mdm2 in cells exposed to UV-radiation and SSB as508

they are done in the case of DSB in [21, 44]. Negative results of the latter509

experiments would support our mechanism for the excitability of p53. Note510

that the excitability is not seen in the case when the p53 mRNA–Mdm2-511

P complexes are not produced in our model, see Figure S6(a). In fact, the512

concentration of p53 is slowly decreasing after ATM inhibition and resembles513

the response to UV-radiation, see also Fig. S2(b).514

The excitable p53 network is similar to the excitable neuronal systems.515

Due to the overall complexity of our model, it is however impossible to com-516

pare qualitatively this model with the well-known models for pulse propa-517

gation in the nerve cells, e.g., Hodgkin–Huxley or Fitzhugh–Nagumo, see518

[54] and citations therein. Further questions immediately arise, for example,519

interpretation and identification of a refractory period of time between two520

p53 pulses during which, roughly speaking, nothing can happen, if there is521

such a period at all.522
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Suplemental Information768

Reaction-diffusion system769

For a simplified notation, denote the concentrations of species in their770

nuclear and cytoplasmic states (distinguished by the superscripts (n) and771

(c), respectively) by772

u0 = [ATM -P ](n), uD0 = [ATM -D](n)

u1 = [p53 mRNA](n), u2 = [C](n), u3 = [p53-1](n), u4 = [p53-2](n),

u5 = [Wip1 mRNA](n), u6 = [Wip1](n),

u7 = [Mdm2 mRNA](n), u8 = [Mdm2](n), u9 = [Mdm2-P ](n),

(S1)

and773

v0 = [ATM -P ](c), vD0 = [ATM -D](c)

v1 = [p53 mRNA](c), v2 = [C](c), v3 = [p53-1](c), v4 = [p53-2](c),

v5 = [Wip1 mRNA](c), v6 = [Wip1](c),

v7 = [Mdm2 mRNA](c), v8 = [Mdm2](c), v9 = [Mdm2-P ](c),

(S2)

where, for each i, ui = ui(t,x) and vi = vi(t,x) are real functions of the time774

t > 0 and the space x ∈ Ω for a domain Ω as on Fig. S3. The diffusive motion775

is expressed by the Laplacian ∆. The equations for the nuclear concentrations776

are given by777

∂u0

∂t
−DATM∆u0 = 2kph2u

D
0

E2

K2
ph2 + E2︸ ︷︷ ︸

ATM-P activation

− kdph2u6
u0

Kdph2 + u0︸ ︷︷ ︸
ATM-P dephosphorylation

by Wip1

∂uD0
∂t
−DATM∆uD0 = − kph2u

D
0

E2

K2
ph2 + E2︸ ︷︷ ︸

ATM-P activation

+
1

2
kdph2u6

u0

Kdph2 + u0︸ ︷︷ ︸
ATM-P dephosphorylation

by Wip1

∂u1

∂t
−DpRNA∆u1 = kSχL︸ ︷︷ ︸

mRNA basal
production

− kau1u9χL︸ ︷︷ ︸
p53 mRNA–Mdm2-P

production in χL

− δpRNAu1︸ ︷︷ ︸
natural

degradation
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∂u2

∂t
−DC∆u2 = kau1u9χL︸ ︷︷ ︸

p53 mRNA–Mdm2-P
production in χL

− δCu2︸︷︷︸
natural

degradation

∂u3

∂t
−Dp53∆u3 = − (kub-1u8 + kub-2u9)

u3

Kub + u3︸ ︷︷ ︸
p53-1 degradation due to

ubiquitination by Mdm2 and Mdm2-P

− δp53u3︸ ︷︷ ︸
natural

degradation

∂u4

∂t
−Dp53∆u4 = − kub-2(u8 + u9)

u4

Kub + u4︸ ︷︷ ︸
p53-2 degradation due to

ubiquitination by Mdm2 and Mdm2-P

− δp53u4︸ ︷︷ ︸
natural

degradation

(S3)

∂u5

∂t
−DwRNA∆u5 = kSwχL︸ ︷︷ ︸

mRNA basal
production

+ kSpw

(u3 + u4)4

K4
Spw

+ (u3 + u4)4
χL︸ ︷︷ ︸

Wip1 mRNA transcription
by p53-1 and p53-2

− δwRNAu5︸ ︷︷ ︸
natural

degradation

∂u6

∂t
−Dwip1∆u6 = − δwip1u6︸ ︷︷ ︸

natural
degradation

∂u7

∂t
−DmRNA∆u7 = kSmχL︸ ︷︷ ︸

mRNA basal
production

+ kSpm

(u3 + u4)4

K4
Spm

+ (u3 + u4)4
χL︸ ︷︷ ︸

Mdm2 mRNA transcription
by p53-1 and p53-2

− δmRNAu7︸ ︷︷ ︸
natural

degradation

∂u8

∂t
−Dmdm2∆u8 = − kph3u0

u8

Kph3 + u8︸ ︷︷ ︸
Mdm2 phosphorylation

by ATM-P

+ kdph3u6
u9

Kdph3 + u9︸ ︷︷ ︸
Mdm2-P dephosphorylation

by Wip1

− δmdm2u8︸ ︷︷ ︸
natural

degradation

∂u9

∂t
−Dmdm2∆u9 = kph3u0

u8

Kph3 + u8︸ ︷︷ ︸
Mdm2 phosphorylation

by ATM-P

− kdph3u6
u9

Kdph3 + u9︸ ︷︷ ︸
Mdm2-P dephosphorylation

by Wip1

− kau1u9χL︸ ︷︷ ︸
p53 mRNA–Mdm2-P

production in χL

− δmdm2u9︸ ︷︷ ︸
natural

degradation

while the equations for the cytoplasmic concentrations by

∂v0

∂t
−DATM∆v0 = 0

33



∂vD0
∂t
−DATM∆vD0 = 0

∂v1

∂t
−DpRNA∆v1 = kdv2︸︷︷︸

complex C
dissociation

− δpRNAv1︸ ︷︷ ︸
natural

degradation

∂v2

∂t
−DC∆v2 = − kdv2︸︷︷︸

complex C
dissociation

− δCv2︸︷︷︸
natural

degradation

∂v3

∂t
−Dp53∆v3 = ktp-1v1χCD︸ ︷︷ ︸

mRNA translation

− (kub-1v8 + kub-2v9)
v3

Kub + v3︸ ︷︷ ︸
p53-1 degradation due to

ubiquitination by Mdm2 and Mdm2-P

− δp53v3︸ ︷︷ ︸
natural

degradation

∂v4

∂t
−Dp53∆v4 = ktp-2v2χCD︸ ︷︷ ︸

mRNA translation

− kub-2(v8 + v9)
v4

Kub + v4︸ ︷︷ ︸
p53-2 degradation due to

ubiquitination by Mdm2 and Mdm2-P

− δp53v4︸ ︷︷ ︸
natural

degradation

(S4)

∂v5

∂t
−DwRNA∆v5 = − δwRNAv5︸ ︷︷ ︸

natural
degradation

∂v6

∂t
−Dwip1∆v6 = ktwv5χCD︸ ︷︷ ︸

mRNA translation

− δwip1v6︸ ︷︷ ︸
natural

degradation

∂v7

∂t
−DmRNA∆v7 = − δmRNAv7︸ ︷︷ ︸

natural
degradation

∂v8

∂t
−Dmdm2∆v8 = ktmv7χCD︸ ︷︷ ︸

mRNA translation

+ kdph3v6
v9

Kdph3 + v9︸ ︷︷ ︸
Mdm2-P dephosphorylation

by Wip1

− δmdm2v8︸ ︷︷ ︸
natural

degradation

∂v9

∂t
−Dmdm2∆v9 = kdv2︸︷︷︸

complex C
dissociation

− kdph3v6
v9

Kdph3 + v9︸ ︷︷ ︸
Mdm2-P dephosphorylation

by Wip1

− δmdm2v9︸ ︷︷ ︸
natural

degradation

The DNA locus χL and the translation area χCD, as they are defined in778

Fig. 3, are the classical characteristic functions in the above equations (S3)-779
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(S4). The Kedem–Katchalsky boundary conditions on the nuclear membrane780

Γ1 taking into account the assumptions on the movement of species are listed781

in Table S1. It is further assumed that the species cannot leave the cell, i.e.,782

Di∂n2vi = 0 where i goes throughout all the species.783

The system (S3)-(S4) is nondimensionalised in a similar way as the PDE784

system in [17] with the characteristic values for time τ = 1min, length785

L = 10µm and concentrations αi = 1µM for each species i. Thus the786

received numerical concentrations will be adimensional (adim). The plots in787

figures (e.g., in Fig. 5) show the total concentrations of proteins/mRNAs in788

the cell or in a compartment, i.e.,
∫

Ω
ui+vi or

∫
Ω1
ui or

∫
Ω2
vi for some species789

i ∈ {0, . . . , 9} where Ω1 denotes the nucleus and Ω2 denotes the cytoplasm790

(see Fig. S3).791

We will also consider zero initial conditions for almost all species except792

for Mdm2 and p53 mRNA which are assumed to be 0.1 and 0.01 (adim),793

respectively, homogeneously distributed over the cell, i.e., we consider794 ∫
u1(0,x) + v1(0,x) dx = 0.01 and

∫
u8(0,x) + v8(0,x) dx = 0.1.

ui(0,x) = vi(0,x) = 0, otherwise.

(S5)

The system (S3)-(S4) is solved numerically in 2D and 3D in FreeFem++795

[26]. We select a uniform discretisation (consisting of 2500 elements) of the796

spatial domain in Figure 3. The method for calculating numerical solutions is797

the semi-implicit time discretisation. Then the resulting system is discretised798

thanks to P1 Finite Element Method. For more details and an explicitly799

solved problem, though a simpler problem than presented here, we refer to800

[16]. In figures we show 2D simulations since we do not observe dramatic801

differences between 2D and 3D results, as we did not observe in [17] either.802
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Tables804

Substrate Nuclear changes Cytoplasmic changes

ATM-P −DATM
∂u0

∂n1

= 0 DATM
∂v0

∂n1

= 0

ATM-D −DATM
∂uD0
∂n1

= 0 DATM
∂vD0
∂n1

= 0

p53 mRNA −DpRNA
∂u1

∂n1

= ppRNAu1 DpRNA
∂v1

∂n1

= −ppRNAu1

C −DC
∂u2

∂n1

= pCu2 DC
∂v2

∂n1

= −pCu2

p53-1 −Dp53
∂u3

∂n1

= −pp53v3 Dp53
∂v3

∂n1

= pp53v3

p53-2 −Dp53
∂u4

∂n1

= −pp53v4 Dp53
∂v4

∂n1

= pp53v4

Wip1 mRNA −DwRNA
∂u5

∂n1

= pwRNAu5 DwRNA
∂v5

∂n1

= −pwRNAu5

Wip1 −Dwip1
∂u6

∂n1

= −pwip1v6 Dwip1
∂v6

∂n1

= pwip1v6

Mdm2 mRNA −DmRNA
∂u7

∂n1

= pmRNAu7 DmRNA
∂v7

∂n1

= −pmRNAu7

Mdm2 −Dmdm2
∂u8

∂n1

= −pmdm2v8 Dmdm2
∂v8

∂n1

= pmdm2v8

Mdm2-P −Dmdm2
∂u9

∂n1

= −pmdm2v9 Dmdm2
∂v9

∂n1

= pmdm2v9

Table S1: The Kedem–Katchalsky transmission boundary conditions on Γ1

with the diffusion Di and translocation pi coefficients for the RD system (S3)-
(S4) modelling p53 dynamics with a dual function of Mdm2 towards p53.
Whilst neither ATM dimers (ATM-D) nor ATM-P are allowed to leave the
nucleus, the complex C, p53, Wip1 and Mdm2 mRNAs move from the nucleus
to the cytoplasm and the proteins p53-1, p53-2, Mdm2 and Wip1 from the
cytoplasm to the nucleus as well as Mdm2-P unless it is bound to C.
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Substrate t1/2 [h] δ =
log 2

t1/2
[h−1]

p53 (with wt Mdm2) 1/3 [51] 2

p53 (without wt Mdm2) 7 [33] 0.1

p53 mRNA 1/3 [2] 2

Mdm2 mRNA 1 [46] 0.7

Wip1 mRNA∗ — 0.7

C 1 [chosen] 0.7

Mdm2 0.5 [10, 51, 69] 1.38

Wip1∗ — 1.38

Table S2: The half-lives t1/2 and the corresponding degradation rates δ of
the species used in the models;
∗the half-lives of the Wip1 and its mRNA are not known to us, therefore we
assume that they are equal to the half-lives of Mdm2 and Mdm2 mRNA.
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Substrate Diffusion [µm2/min] Weight [kDa] Permeability [µm/min]

GFP — 2500 [27, 28] 26.9 [27] — —

p53-GFP — 900 [27, 28] ∼80 [27] — —

p53 Dp53 1000 [27, 28] 53 [71] pp53 1 [est.]

p53 mRNP DpRNA 1.8 [8, 63] — ppRNA 0.1 [est.]

C DC 1.8 [8, 63] — pC 0.1 [est.]

Mdm2 Dmdm2 1000 [est.] 90 [49, 69] pmdm2 1 [est.]

Mdm2 mRNP DmRNA 1.8 [8, 63] — pmRNA 0.1 [est.]

ATM DATM 300 [est.] 370 [3] pATM 0

Wip1 Dwip1 1000 [est.] 61 [19] pwip1 1 [est.]

Wip1 mRNP DwRNA 1.8 [8, 63] — pwRNA 0.1 [est.]

Table S3: Diffusion and permeability coefficients used in the model. The
diffusion rates are estimated roughly by the comparison of the known dif-
fusions and the molecular weights of the species. We assume that mRNAs
diffuse with a rate of an average mRNA-Protein (mRNP) complex, [8, 63].
Although we consider ATM in its monomeric and dimeric state we assume
that both conformations diffuse with the same rate. Similarly, we assume
that the diffusivities of p53-1 and p53-2 as well as Mdm2 and Mdm2-P are
the same. Due to the lack of data on permeabilities, we have run several sim-
ulations and tested various permeability rates for which oscillations appear.
We assume that ATM does not leave nor enter the nucleus, thus pATM = 0.
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Figures806

Figure S1: A simplified positive effect of Mdm2 towards p53: The molecular
network remains the same as in Figure 2 except for the protein MdmX which
is omitted. In the presence of DNA damage, inactive ATM dimers dissociate
into active monomers [3], which phosphorylate Mdm2 at Ser395 in the nu-
clear compartment [3, 72]. Mdm2-P then binds to a nascent p53 mRNA at
the DNA sites, assuming that the structure of mRNA has been previously
modified to a form which allows this binding, and move together from the nu-
cleus to the cytoplasm. In the cytoplasm, Mdm2-P enhances p53 translation
from its mRNA and, at the same time, Mdm2-P is less capable of p53 ubiq-
uitination. This all enables p53 to accumulate in the nucleus where it acts
as a transcription factor for the Mdm2 and Wip1 genes [4, 19]. The phos-
phatase Wip1 targets ATM-P for dephosphorylation and thus inactivation
[58]. Wip1 reverses also Mdm2 and MdmX phosphorylation status, [70, 74],
so that Mdm2 promotes ubiquitination and degradation of p53. The per-
sistent DNA damage signal can trigger another pulse of p53 by ATM dimer
monomerisation again.
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Figure S2: A schematic representation of the dynamics of p53, which (a) is
excitable in response to γ-radiation or some drugs, i.e., a transient signalling
of ATM (red) for one hour is sufficient to trigger one full pulse of p53 (green);
(b) is not excitable in response to UV-radiation, i.e., a transient input of ATR
(red) results to a rather constant p53 response (green), [5].

Ω2
Ω1

Γ2

Γ1

n1

n2

Figure S3: Cell scheme: the nucleus Ω1, the cytoplasm Ω2, the nuclear mem-
brane Γ1 and the cell membrane Γ2; n1 and n2 are the unit normal vectors
oriented, respectively, outward from Ω1 and Ω2. Note that neither the DNA
locus χL nor the ER are separated by membranes in our model, thus we can
treat them as integral parts of the nucleus and cytoplasm, respectively.
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[p53−1]+[p53−2]
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[ATM−P]

Figure S4: The solution of the RD system (S3)-(S4) where the steady-state
solution is perturbed at the 10 and 23 hour time points by the activation of
ATM for one hour. After a high amplitude excursion of the p53 concentration
from its steady-state, p53 returns to the steady state again.
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(a) (b)

Figure S5: (a) The feedback loops used in the model [17]: the classical p53→
Mdm2 a p53 where p53 induces transcriptionally Mdm2 and Mdm2 degrades
p53 and the loop between ATM and Wip1 with the intermediate p53 protein,
i.e. ATM -P → p53→ Wip1 a ATM -P . (b) The feedback loops used in the
model with the dual function of Mdm2 towards p53: p53 → Mdm2 a p53
and the loop between ATM and Wip1 through the cascade involving p53 and
Mdm2, i.e. ATM -P → Mdm2 → p53 → Wip1 a ATM -P , where Mdm2,
after being phosphorylated by ATM, enhances synthesis of p53 which, in
turn, activates transcriptionally Wip1 (and also Mdm2) which inactivates
ATM. In the sketch, the “+-shaped” lines denote negative regulation and the
classical arrows denote positive regulation (of either activity or expression).
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Figure S6: (a) Solution of the RD system (S3)-(S4) modelling p53 dynamics
with the dual function of Mdm2 towards p53 when ka = 0, i.e., no com-
plexes between p53 mRNA and Mdm2-P are allowed, and ATM-P signalling
is inhibited 1 hour after damage. (b) Solution of the RD system in [17] mod-
elling p53 dynamics without the dual function of Mdm2 towards p53 and
when ATM-P signalling is inhibited 1 hour after damage.
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